We investigate the conductance of an Aharonov-Bohm (AB) interferometer coupled to a quantum dot and two Majorana bound states on the edge of the topological superconductor with finite length. When the tunnel couplings between the Majorana bound states and the Aharonov-Bohm interferometer are fixed to the specific phase, the differential conductance becomes zero irrespective of all the parameters if the hoppings to the two Majorana fermions on the opposite side are equal. When the energy level of the quantum dot is equal to the energy of the Majorana bound states, the AB oscillation shows π periodicity due to the particle-hole symmetry. The breaking of the time-reversal symmetry of the topological superconductor results in 2π periodicity of the AB oscillation for the specific phase of the tunnel coupling while the time-reversal symmetry breaking leads to the mixing of the triplet and singlet states in the quantum dot in another specific phase. PACS numbers: 74.45.+c, 73.63.Kv, Exotic features of Majorana fermions [1] have been studied not only from the interest of the fundamental physics, but also from the application for quantum computing [2] [3] [4] [5] [6] . In recent years, Majorana fermions have been predicted in several setups with s-wave or d-wave superconductors [7] [8] [9] [10] . It has been shown that Majorana fermions are manifested as a zero bias conductance peak in the normal metal/topological superconductor (TS) junctions [11] [12] [13] . Recently, the zero bias conductance peak due to Majorana bound states (MBSs) has been observed in these systems [14] [15] [16] [17] . However, the signature is not enough to prove the existence of MBSs. The observed zero bias conductance peak is not quantized and it could occur even without MBSs in the presence of disorders [18] . Thus, alternative setups are necessary. Other setups are proposed to detect the phase information of transport electrons due to existence of the MBSs using interferometry of electron waves [19, 20] . These studies mentioned above have examined the class D TSs, in which one Majorana fermion emerges at the edge. When the time-reversal symmetry is preserved, the TS is classified into the class BDI. Then, two Majorana fermions can exist on the edge of the TS which has the integer topological number of 2 [21] [22] [23] [24] [25] . Yamakage and Sato have reported that the zero bias conductance of the normal metal(N)-TS junction shows zero or 4e 2 /h value depending on the phase of the tunnel coupling between the normal metal and the TS [25] .
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The Aharonov-Bohm (AB) ring with an embedded quantum dot attached to the normal lead has been studied in 2DEG in GaAs/AlGaAs heterostructures [26] . The high-order interference called the Fano resonance appears in the conductance as a function of the bias voltage when the high coherence is kept in the AB ring [27] . The resonance peak shows an asymmetric structure with a peak and dip as a function of the bias voltage while AB oscillation shows 2π periodicity as a function of the magnetic flux penetrating the ring in such a system.
In this Letter, we consider an AB interferometer coupling to a quantum dot and two MBSs in the class BDI TS. We reveal that the AB oscillation shows π periodicity under some conditions when the energy level of the quantum dot is equal to the energy of MBSs. Furthermore, when the phases of the tunnel couplings satisfy some conditions, the zero bias conductance vanishes, which is robust against any parameters except for the tunnel couplings to Majorana fermions at the opposite edge. We also calculate the anomalous Green function of the quantum dot to examine the proximity effect due to the MBSs which is reflected by the conductance.
The schematic picture of the model is shown in Fig. 1 . There are two paths between the leads N and TS, one path connects the leads through a quantum dot, and the other path connects the leads directly by the reference arm. The phase ϕ represents the AB phase by the magnetic flux through the ring. The chemical potential of the normal lead is µ N = eV . We adopt the effective Hamiltonian to describe the system. The Hamiltonian of the normal lead and the quantum dot are written as
Here, c † k and c k denote the creation and annihilation operators of an electron of momentum k in the left lead. σ denotes the spin. We assume a single energy level ε 0 in the dot with creation and annihilation operators being c † 0 and c 0 , respectively. In the TS with the topological number 2, there are two MBSs at each edge. The couplings between the Majorana zero energy bound states are
where γ i is the creation and annihilation operator for Majorana fermions labeled by i (i = 1, · · · , 4) and obeys γ the time reversal symmetry is kept in the TS, the couplings between the same edge (E 12 and E 34 ) are prohibited [24, 25] . Moreover, only the couplings from one MBS to one of two MBSs at the other edge, E 13 and E 24 , are permitted, while the couplings, E 14 and E 23 are prohibited. Here, we consider the condition where the time-reversal symmetry is preserved (E 12 = E 34 = 0) or not (E 12 or E 34 are not zero). The tunnel couplings in the AB interferometer are expressed as
The tunnel couplings between electrons in the normal lead and MBSs are spin-dependent even when the spin-orbit interaction is absent. We calculate the current using the Keldysh Green function formalism [28, 29] ,
where
. We derive the Keldysh Green function G < kσ,1 (ω) and G < kσ,0σ (ω) using the equation of the motion formalism [29, 30] . Note that the calculation is done without any approximation.
According to Ref. 25 , depending on the condition of the phases of the tunnel couplings, the system can be classified into the unitary and anti-unitary cases. The (anti-)unitary case is defind by t ↑ = ηt ↓ (t ↑ = ηt * ↓ ) with η = ±1. In the following, we consider the anti-unitary case and choose the tunnel coupling between the quantum dot and the MBSs as t R↑,1 = te
n where k, l, m and n denote integer numbers. The couplings between the normal lead and the MBSs are assumed to have the same relations,
We define the energy broadening of the quantum dot due to the coupling to the normal lead as Γ = πνt 2 L with the density of the states of the normal lead ν. Similary, we define ξ = πνw 2 . Below, we fix ξ = t = Γ.
We examine two cases, (−1)
l+k and the coupling to the MBSs at the opposite edge is absent (E 13 = E 24 = 0), the maximum peak (4e 2 /h) of the conductance appears at zero bias voltage when the energy level of an quantum dot is equal to the Majorana zero energy. In this paper, we call this phase of the tunnel coupling as the constructive phase. When (−1) n+m+1 = (−1) l+k , the conductance becomes always zero independent of the other parameters except for the tunnel couplings E 13 and E 24 . Here we call this phase as the destructive phase. We start with the case of the constructive phase, (−1)
m+n . The energy level of the quantum dot is fixed to ε 0 = 0. The 2D plots in Fig. 2 indicate the dI/dV s as a function of the bias voltage eV and the AB phase ϕ for three cases, i.e. (1) all the couplings between MBSs are absent (E 12 = E 34 = E 13 = E 24 = 0) [ Fig. 2(a) ], (2) the couplings between the MBSs on the opposite side are present (E 12 = E 34 = 0, E 13 /2 = E 24 = Γ) [ Fig. 2(b) ], and (3) all the couplings are finite (E 12 = E 34 = E 13 /2 = E 24 = Γ)[ Fig. 2(c)] . The zero bias conductance shows a peak for the case (1) and the case (3) but dip with zero at eV = 0 for the case (2) with any ϕ. To examine the result more precisely, the dI/dV is plotted as a function of eV [Figs. 2(d), 2(e) and 2(f)]. For the case (1), the conductance reaches 4e
2 /h at the zero bias voltage due to the resonant Andreev reflection through the MBSs, while for the case (3), the zero bias conductance is less than 4e 2 /h. We have also calculated the conductance in the same setup with replacement of the TS by class D TS in which only one MBS locates at each edge (not shown in the figure). In this case, when the coupling to the MBS at the opposite side of the edge is absent, the zero bias peak is quantized as 2e 2 /h (the maximum of the peak is half of that of the BDI TSs since the class D TSs have one MBS). However, when the coupling is present, the zero bias conduc- (3)] suppresses the resonance (peak) and anti-resonance (dip). The Fano resonance is symmetric due to the particle-hole symmetry for all the three cases. Note that Fano resonance becomes asymmetric when both leads are made of the normal metals in the present system. In Figs. 2(g), 2(h) and 2(i), AB oscillation exhibits the π periodicity for all the three cases. Note that the π periodicity of the AB oscillation is also present within the superconducting gap when the topological superconducting lead is replaced by a topologically trivial superconducting one.
Next, we consider the case of destructive phase in Fig. 3 . Interestingly, we find dI/dV = 0 independent of eV and ϕ when E 13 = E 24 (not shown in a figure since the conductance is always zero as a function of eV and ϕ). Note that the vanishing of the conductance is robust against the energy level of quantum dot and the other parameters except for E 13 and E 24 . When E 13 = E 24 , the dI/dV recovers nonzero value [ Fig.  3(a) and 3(b) ]. However, the conducntace is always zero at eV = 0 [ Fig. 3(c) and 3(d) ] while, in the constructive phase, the zero bias conductance ranges from zero to 4e 2 /h depending on the couplings between MBSs. When the time-reversal symmetry is broken (E 12 = 0 or E 34 = 0), the period of the AB oscillation changes to 2π from π [ Fig. 3(e) and 3(f) ]. This result is in stark contrast to that in the constructive phase since the breaking of the time-reversal symmetry does not affect the π periodicity in the constructive phase. Let us mention that the π periodicity is realized only when ε 0 = 0. Also, the conductance as a function of eV shows a gap in the vicinity of zero bias voltage. When the energy level of the quantum dot is not equal to zero, we see 2π periodicity for both constructive and destructive phases even when the time-reversal symmetry is preserved since the particle-hole symmetry is broken.
To examine these results more precisely, we calculate the anomalous Green function in the dot F a 0σ,0σ Fig. 4 , we plot the absolute value of F a 0σ,0σ ′ (ω). In the constructive phase [ Fig. 4 (a) ], when the time reversal symmetry is preserved, the absolute value of F a 0↑,0↓ (ω)[= F a 0↓,0↑ (ω)] has a maximum at ω = 0 for E 13 = E 24 = 0 (solid line) and becomes zero at ω = 0 for E 13 /2 = E 24 = Γ (dotted line) which correspond to the values of conductance at eV = 0 for both cases. Note that the conductance has the additional dip and peak structures due to the Fano resonance. When the time reversal symmetry is absent [ Fig. 4 Fig. 4(c) ], the value of the conductance at eV = 0 also corresponds to the absolute value of F a 0σ,0σ ′ (ω) at ω = 0 which is zero for the both cases, E 12 = E 34 = 0 (solid line) and E 12 = E 24 = Γ (dotted line). The relation between the couplings of the MBSs and the anomalous Green function is summarized as in Table I. In the constructive phase, when time reversal symmetry is kept, the Cooper pairs induced by the proximity effect inside the AB interferometer are purely triplet. Note that the orbital symmetry of the induced pairing is isotropic s-wave in the dot. Thus, the induced pairing is of odd-frequency triplet symmetry [31, 32] . By analytical calculations, we obtain the anomalous Green's functions in the dot as
In the destructive phase, we find F a σ,σ ′ = 0 when E 13 = E 24 . Therefore, the conductance becomes zero independent of eV and ϕ. Note that the vanishing of the conductance is robust against the shift of the energy level of the quantum dot ε 0 . The density of states in the quantum dot 1/πImG a 0σ,0σ ′ (ω) is shown in Fig 4 (d) . It is found that even though the density of states in the quantum dot is finite, the conductance is zero in the destructive phase. When E 13 = E 24 , the absolute values of the anomalous Green function of all the spins are the same, and also the relations F a 0↑,0↓ = F a 0↓,0↑ and F a 0↑,0↑ = −F a 0↓,0↓ are satisfied. The Cooper pairs owing to the MBSs are always purely triplet even when the time reversal symmetry is broken inside the TS (E 12 = 0 or E 34 = 0), which is different from the case of the constructive phase. To investigate the origin of the 2π periodicity for the destructive phase when the time reversal symmetry is broken in TS, we calculate the lesser Green's function of Majorana fermions
The number of MBSs is calculated by n i = −i/π dωG < ii (ω). We find that dn i /dV = 0 for the constructive phase and dn i /dV = 0 for the destructive phase. Thus, the bias voltage of the normal lead affects the chemical potential of the Majorana fermions only for the destructive phase, which results in the breaking of the particle-hole symmetry of the MBSs. In conclusion, we have investigated the conductance of an AB interferometer coupled to a quantum dot and two MBSs at each edge of the TS. Fano resonance is symmetric as a function of the bias voltage when the energy level of the quantum dot is equal to the energy level of the MBSs. The AB oscillation holds π periodicity when the time-reversal symmetry is preserved. When the tunnel couplings between the interferometer and MBSs are fixed to the specific phase, the differential conductance become zero independent of all parameters if the hoppings to the two Majorana fermions at the opposite side are equal. When the time reversal symmetry is kept in the TS, the Cooper pair induced by the proximity effect is purely triplet both for the constructive and the destructive phases. When the coupling between the two MBSs in the same edge is allowed, the Cooper pair becomes a mixture of triplet and singlet states for the constructive phase (but holds π periodicity) while the destructive phase holds the purely triplet state, but the period of AB oscillation changes to 2π. 
